Theorem 4.1 Given the functional confluent Vandermonde matrix (7)-(9) with incidence
vector V wanting “stars”, the unigque LU-factorization with unitary diagonal elements
Lii =1 is given by the formulae:

Li =Ii_| forl<i<3é,
Uy, =T, ; l=j<é
| ] 1,j fﬂr = { = 1: (m]

Lij=Li 11+ Liy & for2<j<i,

Uij = (3() = Ui 1 j + Uiy j(xoy — & 1) for2<i<].
Proof of Theorem 4.1 Define a matrix §2 by:
n i

£2:;= 2 LixUj= ELLEU&J | <i,j<4. (21)

k=1 k=1

In what follows, we prove that £2, ; = 15 ; ¥(i, j) 1 <i, j <. The proof is a total 2D

recurrence-based that can be summarized as follows:

— Initialization by proving:
-~ 2 ;="Tijfori=1land |1 <j <dthatis T} ;.
- 82j=Tjforj=1land |l <i < thatis T;,.
~ Assuming §2; ; =T, ; holds forany 1 <i <ip—land | < j < jo — 1 and proving:
= 824 i0-1 = Tig.jo—1-
= iy 155 = Tig-1.jo-
= 82ig.jo = Tig.jo-
~ Conclude that 2, ; =7 ;for | <i <§and 1 < j < 4.

Since L is a lower triangular matrix with a unitary diagonal and U is an upper triangular,
using (20) one proves 2y ; =U, ; =71, jand 2,y = L ,}U,, =T, forany 1 < j <8 and
any | <i < 4. Hence, the initialization assumption holds. Assume now that £, ; = T, ; is
satisfied forany 1 <i <iy — 1 and | < j < j; — 1. According to (20), one gets:

Ligx = Lig16-1 + Lig— 1.k,
U jo1= {H[ju -1)- |]U1_1,;,,-1 + Ui g1 (Xpio—1) — Ex—1),

then
LigaUs jy1 = (G0 — 1) — 1) Lig g 1Us 1,2+ Xogio- nylig- 11Uk 1,4y 1
=&l Ui gy +H&Lig 1 aUs gy
Thus,

iy ip
Qi1 = Yot 3 Lig-14Ubjp1+ 3 (%00 = 1) = 1) Lig-14Us jo2
k=1

= Xt Tig-tjp-1 + (2Uo — D= 1) 1p-2 = Vig s 1



The same argument gives

Ligik =Ligax1 + Lig-2.2Ek,
Ui jo = (“"{-‘iﬂ} I}Ul—lrm—l b U,y (X — Se— )

then
Lig14Uk jy, = Xojgr Lig-2-1Uk-1,jy + (3¢Uin) — 1) Lig-24-1U1, 1
— &1L 1Uk—1jp +ELig24 Uk g,
Thus,
i in
iy 1,jo = Xotjs 2 Lig-24Us g + (2o} — 1) Lig 24Uk jp1
k=1 k=1
= Xggjon T2 jp + (20i0) — 1) Tig—2 o1 2 Vi1 -
By using again {20) one oblains:
Ligk = L1 k-1 + Lig—1 ekt
Uy, jo = (2¢0ia) — WUy, jp—1 + Ui,y (Xoginy — B,
leading to:

Liy Ut jy, = Xotigp Lig—12-1Uk—1_jy + (3e0in) — DLig1p-1Uk—1 1
+&Lig- 14Uk jy — S-1Lig—1a-1Uk-1 jy-

Hence, we have:
3 A
s}'tl..lll- - 'IE'{j}}T-luf—].m t [Jﬂ:jﬂ:l I}Tma—tm—l — -r:n..nr

which ends the proal.



