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1 Introduction

2 Notations

Let D be an idempotent matrix, that is D € M, (K) where K is a commutative field of 0 charactristic, and
D? = D.

Let GL,(K) be the set of invertible matrices of M, (K).

Let Gp={A-D|A€GL,(K)A(A-D=D-A)}

Let I,, the identity matrix of M, (K), and 0,, the null matrix.

Let Py be the set of 2 nilpotent matrices of M>(K), and P = Py \ {02}

Let Dy bet the set of idempotent matrices, and D7 the set of non trivial idempotent matrices

3 Some results in M, (K)
We will show that ( gD, -, D) is a group whose identity is D :

1. gD is closed under multiplication -
2. (gD, -, D) is associative

3. D is the identity of (Gp, -, D)

4

. Any matrix in gD has an inverse in GD

Proofs :

1. Let A-D ¢ gD and B-D ¢ gD then

(A-D)-(B-D) = A-(D-B)-D The matrices multiplication is associative
= A-(B-D)-D By definition of GD
= (A-B)-D? The matrices multiplication is associative
= (A-B)-D Definition of idempotence
= (D-A)-(D-B) By definition of Gp
= D-(A-D)-B The matrices multiplication is associative
= D-(D-A)-B By definition of Gp
= D?.(A-B) The matrices multiplication is associative
= D-(A-B) Definition of idempotence

The product of invertible matrices being invertible : QED.
2. The product of matrices is associative.
3. Let A-De Gp

(A-D)-D = A-(D-D) The matrices multiplication is associative
= A-D By definition of idempotence
D-(A-D) = D-(D-A) By definition of Gp
= (D-D)-A The matrices multiplication is associative
= D-A By definition of idempotence
A-D By definition of Gp
QED

4. Let A-D € GD, A being invertible, it’s inverse (within the meaning of GL, (K)), A™1, exists :

If A commutes with D then A=! commutes with D (By multiplying both sides of A- D = D-A by A~}
on the left and on the right we get D- A~ = A=1. D)



(A-D)-(A7t.D) = ~1)-(D-D) Properties of - and Gp
Definition of idempotence and inverse
Definition of the Identity of M, (K)
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4 Some results in M, (K)

4.1 How does look an idempotent 2x2 matrix

Let (g g) be an idempotent matrix :

a 2_ a
(63 =G %)
o’ +98 =

a?+9B8 Aa+0)\ _ (a ) Jiatd) =
Bla+d) ~A8+62) \B 0 Bla+d) =
B+ =

D2 R

Either : a+6 # 1 then (y=0)A (8= 0)A(a? = a) A (6% = §) that is to say that a and § are the idempotents

of K, 0 an 1, so we get the two (trivial) idempotent matrices : <(1) ?) =I5 and (8 8) = 02. We

may notice that g]2 = GLy(K) and gog ={02}.

Or : a+6=1then (o> +v8 =a) A (y8+ 6% =)
4
(@®+98=ala+8) A (B +6*=68a+4))
-~
VB8 =ad
So, an idempotent matrix of D € Ms(K) is either a trivial one 0y or I, or a non invertible matrix whose

oo (o a+d = 1
tracelsl.D<6 6>,suchas{ ob 3

4.2 How does look a 2-nilpotent 2x2 matrix

Let X = (:; i) be a 2-nilpotent matrix :

x z 27 > +yz z@x+t)) [0 0
y t)  \yl+t) t2+yz) 0 0
2
As X is not invertible, we have xt = yz, which gives : (; Z) = (ac(x +1) z(xit)) = <O O) whose

only solution is (z +t) =0
Theorem : A non invertible 2x2 matrix is nilpotent if and only if it’s trace is null.

4.3 Do the Gp’s cover My(K)?

Let X € M5(K), can we find an idempotent matrix D and an invertible matrix Asuchas X = D-A=A-D?

If X is invertible, the only solution is D = I, and A = X so X € gX (I3 is the only invertible idempotent
matrix).

If X = 05, the only solution is D = 05 and A is any invertible matrix, so 0y € goz.

If X is a not null, 2-nilpotent matrix (like <8 (1)), for instance)

X=D-A=X?=(D-A)-(D-A)=D?-A? =D A? =0y, but, as A is invertible, this implies D = 0y and
so X = 0g, therefore, it is not possible to find D such as X € GD-



If X is a non 2-nilpotent (so D # 0z), non invertible matrix, X = D-A= D - X =D? . A=D-A=X
and X=A-D=X-D=A-D*=A-D=X

Let X = (; j) as X is non invertible zt = yz and as it is not a 2-nilpotent matrix, (z +t) # 0
Let D = g g) as D is idempotent and not in {I2,05} then we have ad = Sy and o+ =1
z\ (o v _(z =2
y t) \B 6] \y t
Qar+yy==x ®ar+pz=x
® fr+dy=1y Oay+pt=y
®az+yt=z2 Oyr+d0z=z2
O [z+0t=t O yy+iot=t
If we add equation @ and ® we get f(x +t) + (a+ )y =2y, or,asa+d=1landx+t#0: 4= %
x
If we add equation ® and @ we get y(z +1t) + (a+0)z=2z,or,asa+d=1landz+t#0:v= j—t
x
From equation @ and the previouly calculated value of v, we get : ax+ % =t,asyz = xt, ax+ xL—f—t =t
x? )
or ax = .
T+t
2
From equation ® and yz = zt, we get (with the same method as above) §t = =
T
T t
Either : h = S =1 = :
ither : x # 0 then « w+tandas(o¢+5 , we get § t+t)
t
Or : x =0, s0, as x +t # 0 then (¢t # 0) from which we can infer : § = o and as (a+d = 1, we get
_ 7 ) ;
ottt

So the (gD, -, D) are disjoint groups, we will show that they cover Ms(K) with the only exception of the
not null, 2 nilpotent matrices.

1. X invertible = X € gx

2. 05 € goz
3. X ¢ (GLa(K) U{0:} UPy) = X = g5 X - Tr(X) ]z, 50 X € G _

T’V‘(X)

Theorem : M>(K) = P§ U gD, and it is a non overlapping covering of Ms(K).
DeD,y

We can also write : M2(K) = Py U {02} U GL2(K) U gD
DeD;



