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Big-bounce cosmology with spinor-torsion coupling
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The Einstein-Cartan-Sciama-Kibble theory of gravity removes the constraint of general relativity
that the affine connection be symmetric by regarding its antisymmetric part, the torsion tensor, as
a dynamical variable. The minimal coupling between the torsion tensor and Dirac spinors leads to
gravitational repulsion in fermionic matter at extremely high densities even without approximating
it as a spin fluid. We show that such a repulsion replaces the unphysical big-bang singularity with a
nonsingular big bounce that follows a contracting phase of the Universe. This scenario also naturally
explains why the Universe today appears spatially flat, homogeneous and isotropic.
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The Einstein-Cartan-Sciama-Kibble (ECSK) theory of gravity, like general relativity, is based on the Lagrangian
density of the gravitational field that is proportional to the curvature scalar R [1]. It removes, however, the GR
constraint that the affine connection Γ k

i j be symmetric in its lower indices by regarding the antisymmetric part of

the connection, the torsion tensor Sk
ij = Γ k

[i j], as a dynamical variable [2]. Varying the total Lagrangian density

−R
√

−g
2κ + Lm, where Lm is the Lagrangian density of matter, with respect to the contortion tensor Cijk = Sijk +

Sjki + Skji gives the Cartan equations

S
j
ik − Siδ

j
k + Skδ

j
i = −κ

2
s

j
ik , (1)

where Si = Sk
ik and sijk = 2

√

−g
δLm

δCijk
is the spin tensor. Varying the total Lagrangian density with respect to the

metric tensor gik gives the Einstein equations with terms on the curvature side that are quadratic in the torsion
tensor. Substituting (1) into these equations leads to the Einstein-Cartan equations Gik = κ(Tik +Uik), where Gik is
the Einstein tensor, Tik = 2

√

−g
δLm

δgik is the energy-momentum tensor, and

U ik = κ

(

−sij[lsklj] −
1

2
sijlskjl +

1

4
sjlis

k
jl +

1

8
gik(−4slj[ms

jm
l] + sjlmsjlm)

)

(2)

is the correction to the energy-momentum tensor generated by torsion and quadratic in the spin density [3]. The spin
tensor also appears in Tik because Lm depends on torsion.

In the ECSK gravity, the Dirac Lagrangian density for a free spinor ψ with mass m and minimally coupled to the

gravitational field is given by Lm = i
√

−g
2 (ψ̄γiψ;i − ψ̄;iγ

iψ) − m
√−gψ̄ψ, where g is the determinant of the metric

tensor, γi are the Dirac matrices obeying γ(iγk) = gikI, and semicolon denotes a full covariant derivative with respect
to the affine connection [2, 3]:

ψ;k = ψ:k +
1

4
Cijkγ

[iγj]ψ, ψ̄;k = ψ̄:k −
1

4
Cijkψ̄γ

[iγj]. (3)

Colon denotes a Riemannian covariant derivative with respect to the Christoffel symbols and we use the units in
which ~ = c = 1, so κ = 8πG = m−2

Pl , where mPl is the reduced Planck mass. For a Dirac field, the spin tensor is
totally antisymmetric:

sijk = −eijklsl, si =
1

2
ψ̄γiγ5ψ, (4)

where eijkl = ǫijkl

√

−g
, ǫijkl is the Levi-Civita permutation symbol, and si is the Dirac spin pseudovector. The Cartan

equations for such a field give therefore the totally antisymmetric contortion tensor [2]:

Cijk = Sijk =
κ

2
eijkls

l. (5)
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The torsion tensor in this case is dual to a pseudovector that is proportional to the Dirac spin pseudovector. Substi-
tuting (4) into (2) gives

U ik =
κ

4
(2sisk + slslg

ik). (6)

Varying Lm with respect to the spinor adjoint conjugate ψ̄ gives the Dirac equation iγkψ;k = mψ [3, 4]. The
energy-momentum tensor corresponding to the Dirac Lagrangian density is, using this equation,

Tik =
i

2
(ψ̄δj(iγk)ψ;j − ψ̄;jδ

j
(iγk)ψ) − i

2
(ψ̄γjψ;j − ψ̄;jγ

jψ)gik +mψ̄ψgik =
i

2
(ψ̄δj(iγk)ψ;j − ψ̄;jδ

j
(iγk)ψ). (7)

Substituting (3) and (5) into (7) gives

Tik =
i

2
(ψ̄δj(iγk)ψ:j − ψ̄:jδ

j
(iγk)ψ) +

κ

2
(−sisk + slslgik). (8)

The combined energy-momentum tensor for a Dirac field on the right-hand side of the Einstein-Cartan equations is
thus

Tik + Uik =
i

2
(ψ̄δj(iγk)ψ:j − ψ̄:jδ

j
(iγk)ψ) +

3κ

4
slslgik, (9)

which has been found by Kerlick [5]. This expression agrees with [6], where we derived it from the Hehl-Datta
equation, which is the Dirac equation upon substituting (3), (4) and (5) [4]. The first term on the right of (9) is the
GR part of the energy-momentum tensor for a Dirac field and can be macroscopically averaged at cosmological scales
as a perfect fluid with the energy density ǫ and pressure p. In the comoving frame of reference, the second term on
the right of (9) is equal to − 3κ

4 s
2gik, where s is the spatial spin psedovector which measures the spatial density of

spin. The average value of its square is 〈s2〉 = 3
4n

2, where n is the fermion number density. The averaged second

term on the right of (9) acts thus like a negative vacuum energy with ǫ̃ = −p̃ = −αn2, where α = 9κ
16 .

Hehl, von der Heyde, and Kerlick have used the spin-fluid approximation of matter, sijk = sijuk and siju
j = 0,

where ui is the four-velocity, to show that the correction to the energy-momentum tensor due to torsion behaves like
a stiff matter with a negative energy density, ǫ̃ = p̃ = −κ

4 s
2, where s2 = 1

2siks
ik = 1

8n
2 [7]. This behavior, which

is valid even without spin polarization, is significant in fermionic matter at extremely high densities, where it leads
to gravitational repulsion and avoidance of singularities. Kuchowicz has shown that such a repulsion replaces the
big-bang singularity with a nonsingular big bounce, before which the Universe was contracting [8]. Kopczyński and
Trautman have found a similar result for fermionic matter with polarized spin [9]. The spin-fluid model can be derived
as the particle approximation of multiple expansion of the integrated conservation laws in the ECSK gravity [10]. The
particle approximation for Dirac fields, however, is not self-consistent [11]. The spin-fluid description also violates the
cosmological principle [12]. In this paper, we use the Dirac form of the spin tensor, sijk = s[ijk] [2, 5], which follows
directly from the Dirac Lagrangian and is consistent with the cosmological principle [13]. We consider the dynamics
of the early Universe, as we did for the spin-fluid form of the spin tensor in [14], and show that the minimal coupling
between the torsion tensor and fermions with the Dirac form of the spin tensor also leads to gravitational repulsion
and avoidance of singularities.

As in [14], we consider a closed, homogeneous and isotropic universe, described by the Friedman-Lemâıtre-
Robertson-Walker (FLRW) metric. In the isotropic spherical coordinates, this metric is given by ds2 = c2dt2 −

a2(t)
(1+kr2/4)2 (dr2 + r2dθ2 + r2sin2θdφ2), where a(t) is the scale factor and k = 1 [1]. The corresponding Einstein field

equations in the comoving frame for the combined energy-momentum tensor (9) become the Friedman equations (we
do not write the cosmological constant which is negligible in the early Universe):

ȧ2 + k =
1

3
κ
(

ǫ− αn2
)

a2, (10)

ȧ2 + 2aä+ k = −κ
(

p+ αn2
)

a2, (11)

where dot denotes the differentiation with respect to t. These equations yield the conservation law

d

dt

(

(ǫ− αn2)a3
)

+ (p+ αn2)
d

dt
(a3) = 0, (12)

which gives

a3dǫ − 2αa3ndn+ (ǫ + p)d(a3) = 0. (13)
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As in [15], we use the values of ǫ, p and n for ultrarelativistic matter in kinetic equilibrium: ǫ(T ) = π2

30 g⋆(T )T 4,

p(T ) = ǫ(T )
3 and n(T ) = ζ(3)

π2 gn(T )T 3, where T is the temperature of the early Universe, g⋆(T ) = gb(T ) + 7
8gf(T ),

gn(T ) = 3
4gf(T ), gb =

∑

i gi is summed over relativistic bosons, gf =
∑

i gi is summed over relativistic fermions, and
gi is the number of the spin states for each particle species i. Substituting these values to (13) gives

dT

T
− 3αh2n

2h⋆
TdT +

da

a
= 0, (14)

where h⋆ = π2

30 g⋆(T ) and hn = ζ(3)
π2 gn(T ) can be assumed constant in the range of T considered.1 Integrating (14)

gives

a =
a0T0

T
exp

(

3αh2n
4h⋆

T 2

)

, (15)

where a0 is the scale factor at a reference temperature T0.
The function a(T ) given by (15) is not monotonic. As T increases, a decreases until T reaches a critical temperature

Tcr given by da
dT (Tcr) = 0,

Tcr =

(

2h⋆
3αh2n

)1/2

, (16)

and then increases. Since an increasing function a(T ) is unphysical, acr = a(Tcr) > 0 is the smallest allowed value of
the scale factor:

acr = a0T0

(

3eαh2n
2h⋆

)1/2

. (17)

The Universe is therefore nonsingular: a ≥ acr. For T ≫ Tcr, (15) reduces to a = a0T0

T , which is satisfied in the
radiation-dominated era.

To verify that acr is the minimum scale factor of the Universe, we substitute (14) into (10) without the negligible
term k = 1, obtaining

Ṫ 2

(

1

T 2
− 3αh2n

2h⋆

)2

=
κ

3
(h⋆T

2 − αh2nT
4). (18)

Denoting β = T−1, βcr = T−1
cr and using (16) leads to

|β̇| =

√

κh⋆

3

√

β2 − 2
3β

2
cr

β2 − β2
cr

, (19)

which yields β ≥ βcr, T ≤ Tcr, and thus a ≥ acr using (15). Integrating (19), together with (15) written as

a =
a0β

β0
exp

(

β2
cr

2β2

)

, (20)

gives the dynamics of the early Universe. The Universe contracts (ȧ < 0) until β = βcr and a = acr, and then expands
(ȧ > 0). The unphysical big-bang singularity appearing in general-relativistic cosmology is replaced in the ECSK
gravity by a nonsingular big bounce that follows a contracting phase of the Universe. For β ≫ βcr, (19) and (20) give
a ∝ β ∝ t1/2, which is characteristic to the radiation-dominated era.

One can show that the condition ȧ = 0, defining the scale factor at a locally stationary state a = ast, is never
satisfied. This condition, using (10), would be satisfied at a temperature Tst given by

h⋆T
4 − αh2nT

6 − 3

κa2
= 0. (21)

1 For constant values of g⋆ and gn, the relations ǫ ∝ T 4, p = ǫ
3

and n ∝ T 3 are consistent with a relation dn
n

= dǫ
ǫ+p

used in [14].

Interestingly, if ǫ̃ = p̃ ∝ n2 as in [7, 14], then we also have dn
n

=
d(ǫ+ǫ̃)

ǫ+ǫ̃+p+p̃
.
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However, Tst > Tcr, so the Universe never reaches Tst. At the minimum scale factor, the Universe undergoes a bounce
from ȧ = −v to ȧ = v, where

v =

(

κ

3
(h⋆T

4
cr − αh2nT

6
cr)a

2
cr − 1

)1/2

=

(

32eh2⋆
243h2n

(a0T0)2 − 1

)1/2

. (22)

The density parameter at the bounce is given by

Ω = 1 +
243h2n

32eh2⋆(a0T0)2
. (23)

The values a0 and T0 for the present Universe show that v is extremely large, while Ω − 1 is extremely small in
magnitude, on the order of the corresponding values in [14]. Therefore, the ECSK theory of gravity and Dirac
spinors minimally coupled to the gravitational field naturally explain why the Universe today appears spatially flat,
homogeneous and isotropic, without introducing hypothetical matter fields of cosmological inflation.
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