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T h e fa c to r in la rg e p a re n th e se s is e q u a l to E2 − ω2 + i(E2 + ω2)ε, a n d w e
c a n a b so rb th e p o sitiv e c o e ffi c ie n t in to ε to g e t E2 − ω2 + iε.

N o w it is c o n v e n ie n t to ch a n g e in te g ra tio n v a ria b le s to

x̃(E) = q̃(E) +
f̃(E)

E2 − ω2 + iε
. (7 .7 )

T h e n w e g e t

S =
1

2

∫ +∞

−∞

d E

2π

[
x̃(E)(E2 − ω2 + iε)x̃(−E) −

f̃(E)f̃(−E)

E2 − ω2 + iε

]
. (7 .8 )

F u rth e rm o re , b e c a u se e q . (7 .7 ) is ju st a sh ift b y a c o n sta n t, Dq = Dx. N o w
w e h a v e

〈0|0〉f = ex p

[
i

2

∫ +∞

−∞

d E

2π

f̃(E)f̃ (−E)

− E2 + ω2 − iε

]

×

∫
Dx e x p

[
i

2

∫ +∞

−∞

d E

2π
x̃(E)(E2 − ω2 + iε)x̃(−E)

]
. (7 .9 )

N o w c o m e s th e k e y p o in t. T h e p a th in te g ra l o n th e se c o n d lin e o f
e q . (7 .9 ) is w h a t w e g e t fo r 〈0|0〉f in th e c a se f = 0. O n th e o th e r h a n d ,
if th e re is n o e x te rn a l fo rc e , a sy ste m in its g ro u n d sta te w ill re m a in in its
g ro u n d sta te , a n d so 〈0|0〉f = 0 = 1. T h u s 〈0|0〉f is g iv e n b y th e fi rst lin e o f
e q . (7 .9 ),

〈0|0〉f = ex p

[
i

2

∫ +∞

−∞

d E

2π

f̃(E)f̃ (−E)

− E2 + ω2 − iε

]
. (7 .10)

W e c a n a lso re w rite 〈0|0〉f in te rm s o f tim e -d o m a in v a ria b le s a s

〈0|0〉f = ex p

[
i

2

∫ +∞

−∞

d t d t′ f(t)G(t − t′)f(t′)

]
, (7 .11)

w h e re

G(t − t′) =

∫ +∞

−∞

d E

2π

e−iE (t−t′)

− E2 + ω2 − iε
. (7 .12)

N o te th a t G(t−t′) is a G re e n ’s fu n c tio n fo r th e o sc illa to r e q u a tio n o f m o tio n :

(
∂2

∂t2
+ ω2

)
G(t − t′) = δ(t − t′) . (7 .13 )

T h is c a n b e se e n d ire c tly b y p lu g g in g e q . (7 .12) in to e q . (7 .13 ) a n d th e n
ta k in g th e ε → 0 lim it. W e c a n a lso e v a lu a te G(t− t′) e x p lic itly b y tre a tin g
th e in te g ra l o v e r E o n th e rig h t-h a n d sid e o f e q . (7 .12) a s a c o n to u r in te g ra l
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in the complex E plane, and then evaluating it via the residue theorem.
The result is

G(t − t′) =
i

2ω
exp

(
−iω|t − t′|

)
. (7.14)

C onsider now the formula from section 6 for the time-ordered product
of operators. In the case of initial and final ground states, it becomes

〈0|TQ(t1) . . . |0〉 =
1

i

δ

δf(t1)
. . . 〈0|0〉f

∣∣∣
f=0

. (7.15)

U sing our explicit formula, eq. (7.11), we have

〈0|TQ(t1)Q(t2)|0〉 =
1

i

δ

δf(t1)

1

i

δ

δf(t2)
〈0|0〉f

∣∣∣
f=0

=
1

i

δ

δf(t1)

[∫ +∞

−∞

dt′ G(t2 − t′)f(t′)

]
〈0|0〉f

∣∣∣
f=0

=
[

1
i
G(t2 − t1) + (term with f ’s)

]
〈0|0〉f

∣∣∣
f=0

= 1
i
G(t2 − t1) . (7.16 )

We can continue in this way to compute the ground-state expectation value
of the time-ordered product of more Q(t)’s. If the number of Q(t)’s is odd,
then there is always a left-over f(t) in the prefactor, and so the result is
zero. If the number of Q(t)’s is even, then we must pair up the functional
derivatives in an appropriate way to get a nonzero result. Thus, for exam-
ple,

〈0|TQ(t1)Q(t2)Q(t3)Q(t4)|0〉 =
1

i2

[
G(t1−t2)G(t3−t4)

+ G(t1−t3)G(t2−t4)

+ G(t1−t4)G(t2−t3)
]
. (7.17)

M ore generally,

〈0|TQ(t1) . . . Q(t2n)|0〉 =
1

in

∑

p a irin g s

G(ti1−ti2) . . . G(ti2n−1
−ti2n

) . (7.18)

Problems

7.1) S tarting with eq. (7.12), do the contour integral to verify eq. (7.14).

7.2) S tarting with eq. (7.14), verify eq. (7.13).


