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Language

e c,=, A (constant)
* First-order language



Abbreviations

e V*x=Vx#A
e J*x=dx# A
e A-set=set that contains A



Theory

e Vx(x#A=A € x)(1)

e Vx((x=A)Vv (A € x))(2) (contraposition of 1)
e —dx(x# A A—=(A € x))(3) (dual of 2)

* Vx(—(x € A)) (4)

e Ux(xZA <= A €x)(5)(1+4)



o-axioms

* Extensionality: VxVy(Vz((z e x>z ey) = x=Y))

e Triple: VxVydz(Vt(t ez t=xvi=yvit=A).
Or VxVydz(x € z Ay € z) + separation.

 Union: VxdyVu(u e y = dz(z e x A U € z))

 Power Set: Vx3dy(Vz((Vtft e z=>t e x) A A € 2)
=zeVy)AAey)



o-axioms

Separation Scheme: Vp,,...,.p,VxdyVz(z e y &
(z € x A (D(z, py,--P,) VZ=A)))
Replacement Scheme: Vp,,...,p,

(VXVVVZ(((D(X, y/ p]_l"'lpn) N\ (D(XI Z/ pll"'lpn))
=y =2) = VxdyVz(z € y< du(u € x A (D(u,

Z, PyysPp)) V2= A)))

Infinity: AxVy(y e x=vy U {y} € x)
Regularity: Vx(Ay(y ZA Ay e x= dy(y#A A
vexAn—dzlz#AAZ ey AzZEX)))



o *-axioms

Extensionality: V*xV*y(V*z((z e x>z e y) = X
=y))

Triple: V*xV*yd*z(x € z Ay € z) + separation.
Union: V*x3d*yV*u(u e y = 3*z(z e x A u € 2))

Power Set: V*xd*y(V*z((V*t(t e z=>t e x) A A
cz)=>zey)AAey)



o *-axioms

Separation Scheme: V*p,,...,p,V*x3d*yV*z(z €
Yy < (2 € x A (D(z, py,--P))))

Replacement Scheme: Vp,,...,p,
(V*XV*yV*z((D(X, Y, pq,---,P,) A DX, 2,
Py-P,)) =Y =2) = VXI*YyW*2(z e y &
F*u(u € x A (P(u, z, py,---,P )

Infinity: 3*xV*y(y e x =y U {y} € x)

Regularity: V*x(3*y(y € x) = d*y(y € x A
—3d*z(z e y A Z € X)))



ZF Universe: U c-



ZF Universe: U c-

/

.




Transitive Closure

-|:C(x)




Transitive Closure

o TC(x) =4or {x} U [U{x, Ux, U?x, U?x,...}]
o Ulx, Ux, U*x, U3x,...} = x U (Ux) U (UX)...
+ {0,1,2,3..}= o

 We get the transitive closure by replacement
scheme.



Lambda-Universe and ZF-Universe

-U/ \

/

@A /




Terminology

 Ais « the Nothing », « the Void ».

 U*is the class of sets, i.e. the class of x such
that Vz e TC(x)(z# A = A € z).



Lambda-Universe

Vio€ry. = py

V=U"U{A}

Trick: normal V, 4: Vx=Vxof V; dx=dxof V

. restricted V, 3: V*x = Vx of U*; 3*x = dx
of U, i.e. Vx, dx of V such that x # A.



Consequences (to be checked)

e Be o aZF axiom: c*is true (c* = all the
quantifiers are *).

e V*X(A € x)
e Jze x> x#EA



EXT™* and EXT

EXT* true. Proof:

We must show that: (VxVy(Vz(z e x>z e y)
= X=Vy))*=V*xV*y(V*z(ze x>z e y) = X
=)

Preliminary: U* is transitive:a e b “€” U* = a
IIEII U*.

X,y'e"U"=>x#A,y#A

Notation: x * y means that x and y have same
elements and are equal by the bottom.



* Phenomenon: ifx,y € U" and (x = y);-, then (x
= y) (in ZF universe), sox =.



Terms

Term: {x| ¢(x,...)} in the language: €, =, A.
Don’t forget we work in 'V, €, =.
What about “{x| ¢(x...)} “?

x| o(x,...)} is a “@”’ such that: (hope) Vyl(y € a
< @(y...)) -in V.

Probably less effective a-terms.



Terms

o {x| ¢(x,...)}* isa “b” such that: (hope) V*y(y €
b < @*(y...)) -inU"

* To be checked (very probable): (ZF)*, all the
standard operations of ZF.



Example of term

* {A}=Dppe (in U7)

o {A}=ger {XIx = A}

 Two ways to get {A}:

(1) pairing + separation:

- pairing: with x=y = A, we know that A € z.

- Separation: we keep from z the x such that x =
A and we have the singleton of Lambda.



A}

(2) axiom of the parts applied to A:
dyWVz(Vi(tez=>te A) =z evy)

As nothing is in A, nothing can be in z, so z has
to be « nothing » (A), and y must contain A:
y= 0 (A)={AL

@ (A) is the only set containing only « nothing »,
thatis o (A)=9,,. .



Example of checking of ZF axiom in U”

Axiom of pairing: (VxVydzVt(tez< (t=xvit=
v))* = V*xV*¥yd*zV*tlt e z < (t=xvi=y))

Thanks to separation, we are sure that the set
contains A; so « pairing » must become « triple ».
The true triple in U*: {x, y, A}

We are sure that {x, y, A} is in U* thanks to TC.

What is {x, y, A}? It is the standard pair with A in
addition.



e VxVydzVt(tez (t=xvi=yvi=A))



Set of the parts

* p*a=,{bU{A}|binU}uU{A}

* General rule (to be checked) for {x|¢p(x,...)}*
(this element is always in U”, so different from

A): {x U {A}|o(x,...)} U {A}and x in U*.

* A bit harder: what about goa? That means set
of the parts in V rather than in U*.

 Preliminary: “xcy”:xcy&s Vi((tex=t e
V) A A € X)



Set of the parts

* We have seen that @ (A) = {A}.

* From there, we can use the general rule {x U
{A} o(x,...)} W {A}asin U* to get all other sets
of the parts.



Current operations

M tersection and Wnion are wrong in U* and trivially true in V:
z=(xNy)Viftezs (texatey))
z=(xNy)*z=xN*y

(Vifteze (texatey))* @Vitftezes (texat ey))
z=(xvy)oVifteze (texvtey))
z=(XUy)*&<z=xU*y

(Vifteze (texvtey)* @Vitftezes (tex vt ey))
It can not function in U* since it excludes A of z.

A solution: z = {t]o(t,...)} W {A}and tin U*. Ad hoc?

No problem in V: A is taken into account.



=T, =N 7?77?77
AFEN =T * = U

Ma notation est-elle légale? Mes
raisonnements corrects?

", for Lambda theory
[",* for Lambda theory with v*, 3*
I, for ZF theory




Empty family intersection and union

Particular cases: empty family intersection and
union.

What does « empty family » mean?

Classicaly: U,cignX = G; U, g X =G, NicioX = G;
”]XE{}X = [.

n Lambda theory:

UX{{:A} X = U{A} and U{A} = {A}; UXE{A}X = UA and

ﬁxe{{ }X = ﬂ{A} and ﬂ{A} ={A}; f xe{A}X =] A
and[ A=A

xe{




Empty family intersection and union

* In[)pX, ifitis not true that x € X for each X
of &, then it must exist a X such that x ¢ X;
since there is no X in &, no X puts at fault the
condition, so any X satisfies it, and the x’s
specified by the condition exhaust the
universe U.

 Formally: VX(x € X) = —=dX—(x € X)

* The right side is read before the left side for
the interpretation.



Empty family intersection and union

For U,c¢X: IX(x € X) = =V X—(x € X)

Left side is read first: no X, so X is false.

Right side: no X, so VX(x € X) is false. So we have at least
—VX(x € X). At the extreme, we have VX—(x € X). There is

no X such that x € X, so no X to contradict VX—(x € X). So,
—VX—(x € X) is invalidated and U, (X = &.

Anomalies:

Condition on (] stronger than that on U. If =3X—(x € X) is
true, =VX—(x € X) is true. If (), X gives U, U, (X must give
U too.

NcUifUgX=G, NyX= .

Solution:in V, 3X=A(=(x € X)), so (,caX = A. And U, 21X =
A.



Symmetric d\fference

* Symmetric d\fference needs slight change:

e (z=x\yoViiteze (tex)A((tgy) vt=
AN)*

e (Vtfteze(tex)a(tegy) vi=A))))* <
V¥tteze ((tex) A((tgy) vi=A)))

e So does inclusion:

e xCcyo Vt((tex=>tey) AA € x)



Singleton of Lambda and Standard
Empty Set
We want to check the following equivalences for
sets:
Do contain nothing = do not contain anything

-ree of sets ({A}) = free of sets and Lambda (<)

How can we proceed? Sets in U* are standard (ZF)
sets to which A has been added. So, {A} is exactly
in the same relation with A-sets as J, with
standard sets.




Singleton of Lambda, Lambda and
Contradictory Property

 What about the standard definition of empty
set by means of a contradictory property?

{X : X #x}

* Thanks to the disjunction added to the
comprehension axiom scheme, for any set x,
there is a set y that contains at least Lambda,
without the necessity for Lambda to satisfy
any property.

e So, {Xx : x#x}is not a set and can define
Lambda: {x:x#x}=A.



A definition of Lambda

e InV, IxVy(=(y € x)): x=A
dx(x = A)

e dxVy(ly e x=vy=A):x={A}



Behaviour of Lambda and of Standard

Empty Set

Lambda Standard Empty Set
e xNy={A} * XNy=C

e XNA=A e XN =¢

e XUA=X e XU J=xX

e X\ A=x e x\ D =x

e x\x={A} ¢ x\x=¢

s ANA=A e ONID=0

c AUA=A e DU =0

« ANA=A s O\O=U



Why Lambda can not be assimilated to

Classical Empty Set

* Product and difference of x and y give {A} and
not A.

 Lambda belongs to any set while Empty set
and singleton of Lambda don’t.

e Lambda is not a set.

* Contradictory property does not help to
define a set since {x : x # x} does not contain
A

* (A) gives G (no set included in A) and we
add A to O by the axiom of pre-element.



Representation of Lambda

* 3is an element

e Lambda must be conceived and seen as the
free zone around the element(s).




Definition of Element, Pre-element
and Set

e xisan element < xis a set

e Xis apre-element < Vy(yis an element = x
€y)

e Xisaset< dy(y € x)



